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A NUMERICAL CHARACTERIZATION OF NEF ADELIC
DIVISORS
HIDEAKI IKOMA
Abstract. To a generically big adelic divisor, we can associate an arithmetic
Okounkov body, which is a pair of the geometric Okounkov body and the
concave transform of the Green functions. In this paper, we show that the
inﬁmum of the concave transform is given by the absolute minimum provided
that the divisor is vertically nef. This is a partial generalization of results of
Moriwaki (in the curve case) and of Burgos Gil-Moriwaki-Philippon-Sombra
(in the toric case).
Contents
1. Introduction 1
2. Adelic R-divisors 3
3. Arithmetic Okounkov bodies 8
4. Arithmetic σ-invariants 13
5. Absolute minima 19
References 24
1. Introduction
Let X be a smooth projective variety over a number field K. For each non-
Archimedean place v ∈ Σf , we denote the v-adic completion of K by Kv, and the
Berkovich analytic space associated to X ×Spec(K) Spec(Kv) by Xanv . For v = ∞,
we set K∞ := C and Xan∞ :=
⋃
ι:K→C(X ×Spec(K),ι Spec(C))an. An adelic R-divisor
D := (D, g) on X is a pair of an R-Cartier R-divisor D on X and a collection
of continuous functions,
∑
v∈Σf∪{∞}
gv[v], where each gv is a D-Green function
on Xanv . An adelic R-divisor D is said to be vertically nef if D is nef, g∞ is
plurisubharmonic, and every gP is a uniform limit of nef models. Moreover D is
said to be nef if D is vertically nef and hD(x) > 0 for every x ∈ X(K).
Let D be an adelic R-divisor such that D is big. To D we can associate a
pair (∆(D), GD) called an arithmetic Okounkov body of D, which consists of the
geometric Okounkov body ∆(D) and a upper semicontinuous concave function GD :
∆(D) → R ∪ {−∞}. It is known that the arithmetic Okounkov body has rich
information on the asymptotic behavior of the number of the global sections with
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small norms (Boucksom and Chen [2], [11]). The most striking are the integral
formulas, which state that, if D is big and D satisfies some mild condition [2, §3],
v̂ol(D) = [K : Q]
∫
∆(D)
max{GD(u), 0} du
and
v̂ol
χˆ
(D) = [K : Q]
∫
∆(D)
GD(u) du.
Motivated by these formulas, we are interested in the range of the concave function
GD. Our aim is to show that, if D is big and D is vertically nef, then the infimum
of GD is given by the absolute minimum of D (Corollary 5.7). In the literature,
the following are already known.
• S. Zhang ([16, Corollary (5.7)], [17, Theorem (1.10)]) treated the case where
D is a vertically nef adelic divisor with D ample.
• If X is a curve and D is an integrable adelic R-divisor, then D is nef if
and only if D is pseudo-effective and v̂ol(D) = d̂eg(D
2
) (Moriwaki [11,
Theorem 7.4.1]).
• If X is a toric variety and D is a toric metrized R-divisor [4, §4], then D is
nef if and only if D is vertically nef and v̂ol(D) = d̂eg(D
·(dimX+1)
) (Burgos
Gil, Moriwaki, Philippon, and Sombra [5], [4, Corollary 6.2]).
Given two adelic R-divisors D and E, we write D ∼R E if D − E = (̂φ) for a
φ ∈ Rat(X)× ⊗Z R. If D is big, we define the arithmetic σ-invariant of D at a
point ξ ∈ X as
σ̂ξ(D) := inf
{
multξ(E)
∣∣D ∼R E } .
Moreover, if D is pseudo-effective, we choose a nef and big adelic R-divisor A and
set σ̂ξ(D) := limε→0+ σ̂ξ(D+ εA), which does not depend on A (see §4 for details).
Then, we define the arithmetic numerical base locus of D as
N̂Bs(D) :=
{
ξ ∈ X ∣∣ σ̂ξ(D) > 0} .
The main results are the following.
Theorem (Theorem 5.6). Suppose that D is vertically nef. Then the following are
equivalent.
(a) D is nef.
(b) GD > 0.
(c) N̂Bs(D) = ∅.
Corollary (Corollary 5.7). Suppose that D is vertically nef. Then the infimum of
the concave transform of D is given by the absolute minimum of D:
inf
u∈∆(D)
GD(u) = inf
x∈X(K)
hD(x).
In the curve case [10], [11] or in the toric case [4], one can see that after some blow
up there exists a vertically nef adelic R-subdivisor Q(D) of D such that GQ(D) =
GD. Thus in these cases inf GD is determined by the above result. One can expect
that such picture holds in more general cases. We shall pursue this point elsewhere.
This paper is organized as follows: in §2, we recall some basic properties of
the adelic R-divisors ([11]). In §3, we recall the definition and basic properties of
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the theory of arithmetic Okounkov bodies by Boucksom-Chen ([2], [11]). In §4,
we define the arithmetic σ-invariants of pseudo-effective adelic R-divisors (Defi-
nition 4.1), and recall a result of Moriwaki [9] asserting that, if GD > 0, then
N̂Bs(D) = NBs(D) holds (Theorem 4.8). In §5, we prove the main results (Theo-
rem 5.6 and Corollary 5.7) and observe some examples.
The author is greatly indebted to Professor Huayi Chen for many exciting dis-
cussions.
2. Adelic R-divisors
Let K be a number field, let OK be the maximal order of K, and let K be an
algebraic closure with a fixed K ⊂ K. Let Σf be the set of all non-Archimedean
places of K and let Σ := Σf ∪ {∞}. For P ∈ Σf , we denote the P -adic completion
of K by KP , and set
(2.1) |a|P := ♯(OK/P )− ordP (a)
for a ∈ KP . For v = ∞, we set K∞ := C and | · |∞ the usual absolute value on
C. Let X be a smooth projective variety of dimension d over K. We denote the
Berkovich analytic space associated to XP := X ×Spec(K) Spec(KP ) by (XanP , ρP :
XanP → XP ) [1, Theorem 3.4.1], and the complex analytic space associated to
XC,abs :=
⋃
ι:K→CX ×Spec(K),ι Spec(C) by (Xan∞ , ρ∞ : Xan∞ → XC,abs). Note that
Xanv is a compact Hausdorff space for every v ∈ Σ. We set
C0P (X) := {φ : XanP → R |φ is continuous}
for P ∈ Σf and
C0∞(X) :=
{
φ : Xan∞ → R
∣∣∣∣ φ is continuous and invariantunder the complex conjugation
}
.
Let D be an R-Cartier R-divisor (or an R-divisor for short) on X , which can be
written as
(2.2) D = a1D1 + · · ·+ alDl
with prime divisors D1, . . . , Dl and real numbers a1, . . . , al. Since X is smooth,
D1, . . . , Dl are all Cartier and we set Supp(D) :=
⋃
ai 6=0
Supp(Di) endowed with the
reduced induced scheme structure. Let v ∈ Σ, and let gv : (X \Supp(D))anv → R be
a continuous function. We say that gv is a D-Green function if, for every x ∈ Xanv ,
there exist an affine open neighborhood V ⊂ X of ρv(x) such that
(2.3) gv(x
′) +
l∑
i=1
ai log |fi(x′)|2
extends to a continuous function on V anv , where fi is a local defining equation of
Di on V . Note that
(X \ Supp(D))anv = Xanv \ Supp(D)anv = ρ−1v (X \ Supp(D))
= {x ∈ Xanv | |fi(x)| 6= 0, ∀i}.
Definition 2.1. Let U be a nonempty open subscheme of Spec(OK). A U -model
of the pair (X,D) is a pair (XU ,DU ) having the following properties.
• XU is a reduced irreducible normal scheme that is flat and projective over
U .
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• The generic fiber XU ×U Spec(K) is K-isomorphic to X .
• Each Di extends to an effective Cartier divisor Di on XU , and DU is an
R-divisor on XU such that DU ∩X = D.
In particular, we can write
(2.4) DU = a1D1 + · · ·+ amDm
with vertical effective Cartier divisors Dl+1, . . . ,Dm on XU and real numbers
al+1, . . . , am.
For each P ∈ U , we denote the reduction map by
(2.5) rP : X
an
P → XP := XU ×U Spec(OK/P ),
which sends x ∈ XanP to the closed point {ρP (x)}
Zar ∩ XP and is known to be
anti-continuous [1, Lemma 2.4.1(ii)]. The D-Green function defined by a model
(XU ,DU ) is a continuous function g
(XU ,DU )
P : (X \ Supp(D))anP → R defined as
g
(XU ,DU )
P (x) := −
m∑
j=1
aj log |fj(x)|2,
where fj is a local defining equation of Dj near rP (x). Note that g
(XU ,DU )
P does not
depend on the choice of the expression DU = a1D1 + · · ·+ amDm and f1, . . . , fm.
Definition 2.2. An adelic R-divisor on X is a pair D := (D, gD) consisting of an
R-divisor D on X and a collection of D-Green functions,
∑
v∈Σ gv[v], such that g∞
is invariant under the complex conjugation and that there exists an open subscheme
U ⊂ Spec(OK) and a U -model (XU ,DU ) of (X,D) such that gP = g(XU ,DU )P for
every P ∈ U . We call such an (XU ,DU ) a model of definition for D. We denote
the R-vector space of all adelic R-divisors on X by D̂iv
a
R(X).
Let (X ,D) be an OK-model of (X,D) and let g∞ be a D-Green function on
Xan∞ that is invariant under the complex conjugation. Then the arithmetic R-divisor
(D , g∞) defines an adelic R-divisor
(2.6) (D , g∞)
a :=
D, ∑
v∈Σf
g(X ,D)v [v] + g∞[∞]
 ,
which we call the adelic R-divisor corresponding to (D , g∞).
Let L := H0(X,OX) and let K1 ⊂ K2 ⊂ L be subfields of L. For a non-
Archimedean place v of K1, a point x ∈ Xanv defines a place w on K2 lying over v.
Thus we have
Xanv =
⋃
w|v
Xanw ,
where w runs over all non-Archimedean places of K2 lying over v. For a D-Green
function gv on X
an
v , the pullback of gv via X
an
w → Xanv is a D-Green function on
Xanw . In particular, the notion of adelic R-divisors does not depend on the base
field K.
Lemma 2.1. Let D be an adelic R-divisor on X, and let j : Y → X be a morphism
of smooth projective varieties over K such that j(Y ) is not contained in Supp(D).
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(1) Let (XU ,DU ) be a model of definition for D over U ⊂ Spec(OK), let YU
be a normal U -model of Y , and let jU : YU → XU be a U -morphism that
extends j. Then (YU , j
∗
UDU ) is a U -model of (Y, j
∗D), and g
(YU ,j
∗
UDU )
v =
g
(XU ,DU )
v ◦ janv .
(2) j∗D :=
(∑l
i=1 aij
∗Di,
∑
v∈Σ gv ◦ janv [v]
)
is an adelic R-divisor on Y .
Proof. (1) is nothing but [11, Proposition 2.1.4], and (2) follows from (1). 
A fundamental result on the adelic R-divisors is the following, which we can ob-
tain as a consequence of the Stone-Weierstrass approximation (see [3, Corollary 2.3],
[11, Theorem 4.1.3]).
Theorem 2.2. Let D =
(
D,
∑
v∈Σ gv[v]
)
be an adelic R-divisor, (XU ,DU ) a model
of definition for D over U ⊂ Spec(OK), and S := Spec(OK) \ U . For ε > 0, one
can find OK-models (X ,D
1), (X ,D2) of (X,D) having the following properties.
• X |U = X ×Spec(OK) U is U -isomorphic to XU .
• D i|X |U = DU for i = 1, 2.
• D − ε (0,∑P∈S [P ]) 6 (D1, g∞)a 6 D 6 (D2, g∞)a 6 D + ε (0,∑P∈S [P ]).
Definition 2.3. Let D =
(
D,
∑
v∈Σ gv[v]
)
be an adelic R-divisor, let (XU ,DU ) be
a model of definition for D over U ⊂ Spec(OK), and S := Spec(OK) \ U . We say
that D is vertically nef if D is nef, g∞ is plurisubharmonic, and, for every ε > 0,
one can find an OK-model (X ,D) of (X,D) having the following properties (see
[3, Corollary 8.8], [11, Proposition 4.4.2]).
• X |U is U -isomorphic to XU .
• D is relatively nef and D |XU = DU .
• ‖g(X ,D)P − gP ‖sup < ε for every P ∈ S.
Given an adelic R-divisor D, we set
H0(X,D) := {φ ∈ Rat(X)× |D + (φ) > 0} ∪ {0}.
For φ ∈ H0(X,D) and for each x ∈ X , φ·f ⌊a1⌋1 · · · f ⌊al⌋l extends to a regular function
near x by Hartogs’s extension theorem. Thus
(2.7) |φ|gv (x) := |φ(x)| exp
(
−gv(x)
2
)
is a continuous function onXanv taking values in R>0. We set ‖φ‖gvsup := supx∈Xanv |φ|gv (x),
(2.8) H0f (X,D) := {φ ∈ H0(X,D) | ‖φ‖gvsup 6 1, ∀ v ∈ Σf},
and
(2.9) Ĥ0(X,D) := {φ ∈ H0f (X,D) | ‖φ‖g∞sup 6 1}.
We say that an adelic R-divisor D is effective if multΓ(D) > 0 for every prime
divisor Γ on X and gv > 0 for every v ∈ Σ, and denote by D > 0. It is clear that,
for φ ∈ Rat(X)×, D + (̂φ) is effective if and only if φ ∈ Ĥ0(X,D).
Let D =
(
D,
∑
v∈Σ gv[v]
)
, E =
(
E,
∑
v∈Σ hv[v]
)
be adelic R-divisors. Since
‖φ · ψ‖gv+hvsup 6 ‖φ‖gvsup · ‖ψ‖hvsup
for φ ∈ H0(X,D), ψ ∈ H0(X,E), and v ∈ Σ, we have a natural homomorphism
(2.10) H0f (X,D)⊗H0f (X,E)→ H0f (X,D + E).
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For t ∈ R, we define Ft(X,D) :=
〈
φ ∈ H0f (X,D)
∣∣ ‖φ‖g∞sup 6 exp(−t)〉
Q
and
(2.11) volt(D) := lim sup
n→∞
dimQ F
nt(X,nD)
nd+1/(d+ 1)!
.
Moreover we set
emin(D) := sup{t ∈ R | dimQ Ft(X,D) = dimQH0(X,D)},
emax(D) := sup{t ∈ R | dimQ Ft(X,D) > 1},
and easymin(D) := lim infn→∞ emin(nD)/n, e
asy
max(D) := limn→∞ emax(nD)/n.
Lemma 2.3. Let D :=
(
D,
∑
v∈Σ gv[v]
)
be an adelic R-divisor on X.
(1) For each φ ∈ H0(X,D), ‖φ‖gvsup 6 1 for all but finitely many v ∈ Σf .
(2) H0f (X,D) is a finitely generated OK-module.
In particular, H0f (X,D) is a finitely generated projective (torsion-free) OK-module
such that the natural inclusion H0f (X,D) ⊂ H0(X,D) induces H0f (X,D)⊗OK K =
H0(X,D), and the set Ĥ0(X,D) is finite.
Proof. (1) is clear. Since there exists an OK-model (X ,D) of (X,D) such that D 6
(D , g∞)
a (Theorem 2.2), H0f (X,D) ⊂ H0(X ,D) and Ĥ0(X,D) ⊂ Ĥ0(X , (D , g∞)).
Thus we have (2) (see also [2, §2.2]). 
Given a rational point x ∈ X(K), we denote the minimal field of definition for
x by K(x). If x /∈ Supp(D), we set
d̂egP (D|x) :=
1
2
∑
wj |v
[K(x)wj : Kv]g(x
wj ) and d̂eg∞(D|x) :=
1
2
∑
ι:K→C
g∞(x
ι),
where wj runs over all places of K(x) lying over v and x
wj ∈ Xanv is the point
defined by (K(x)wj , wj), and we define the height of x by
(2.12) hD(x) :=
1
[K(x) : Q]
∑
v∈Σ
d̂egv(D|x).
For adelic R-divisorsD and E such that x /∈ Supp(D)∪Supp(E), we have hD+E(x) =
hD(x)+hE(x), and, for φ ∈ Rat(X)× such that x /∈ Supp((φ)), h(̂φ)(x) = 0. Given
general x ∈ X(K), one can find a φ ∈ Rat(X)×⊗ZR such that x /∈ Supp(D+(φ)).
Then we set
(2.13) hD(x) := hD+(̂φ)(x),
which does not depend on the choice of φ. The following are clear by definition.
Lemma 2.4. Let D,E be two adelic R-divisors on X, and let x ∈ X(K).
(1) hD+E(x) = hD(x) + hE(x).
(2) For any φ ∈ Rat(X)×, we have h
(̂φ)
(x) = 0.
(3) If D is effective and x /∈ Supp(D), then hD(x) > 0.
(4) Let Y ⊂ X be a closed subvariety such that Y is not contained in Supp(D).
Then hD|Y (x) = hD(x) for x ∈ Y (K) ⊂ X(K).
Definition 2.4. Let D be an adelic R-divisor on X .
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(nef): We say that D is nef if D is vertically nef and hD(x) > 0 for every
x ∈ X(K). We denote the cone of all nef adelic R-divisors onX by N̂efaR(X).
(integrable): We say that D is integrable if D can be written as a difference
of two nef adelic R-divisors, and denote the R-subspace of all integrable
adelic R-divisors on X by Înt
a
R(X). As in [11, §4.5], we can extend the
usual arithmetic intersection numbers to obtain the symmetric multilinear
map
Înt
a
R(X)
d+1 → R, (D0, . . . , Dd) 7→ d̂eg(D0 · · ·Dd).
(big): For an adelic divisor D on X , we set
v̂ol(D) := lim sup
n→∞
log ♯ Ĥ0(X,nD)
nd+1/(d+ 1)!
.
We know that the function D̂iv
a
R(X)→ R, D 7→ v̂ol(D), is continuous: that
is,
lim
ε1,...,εm→0
‖ϕ1‖sup,...,‖ϕn‖sup→0
v̂ol
D + m∑
i=1
εiEi +
n∑
j=1
(0, ϕj [vj ])
 = v̂ol(D)
for D,E1, . . . , Em ∈ D̂iv
a
R(X), v1, . . . , vn ∈ Σ, and ϕj ∈ C0vj (X) [11, §5.2].
We say that D is big if v̂ol(D) > 0, and denote the cone of all big adelic
R-divisors on X by B̂ig
a
R(X).
(pseudo-effective): We say that D is pseudo-effective if, for every big adelic
R-divisor A, we have v̂ol(D + A) > 0. We denote the cone of all pseudo-
effective adelic R-divisors on X by P̂E
a
R(X).
For an adelic divisor D on X , we set
v̂ol
χˆ
(D) := lim sup
n→∞
χˆ(H0(X,nD), (‖ · ‖ngvsup )v)
nd+1/(d+ 1)!
,
where χˆ(H0(X,nD), (‖ ·‖ngvsup )v) is the Euler characteristic of the adelic vector space
(H0(X,nD), (‖ ·‖ngvsup )v) ([2, (3.1)]). By [15, Theorem 1.2], this actually takes values
in R, and obtain the following by standard arguments.
Lemma 2.5. For K = ∅,Q,R, we denote the cone of all adelic K-divisors D with
ample D by ĜAmp
a
K(X).
(1) For A,B ∈ ĜAmpa(X), there exists an integer m0 ≫ 1 such that
emin(mA+ nB) > emin(mA) + emin(nB).
for every m > m0 and for every n > m0.
(2) The function easymin : ĜAmp
a
(X) → R uniquely extends to a continuous
function easymin : ĜAmp
a
R(X)→ R.
(3) The function v̂ol
χˆ
: ĜAmp
a
(X) → R uniquely extends to a continuous
function v̂ol
χˆ
: ĜAmp
a
R(X)→ R.
(4) If D is ample and D is vertically nef, then v̂ol
χˆ
(D) = d̂eg(D
·d+1
).
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Remark 2.6. As is well-known, for an ample R-divisor D, the section algebra⊕
n>0H
0(X,nD) is finitely generated over K if and only if D is an ample Q-divisor
([13, Chap. III, Remark 1.17]).
3. Arithmetic Okounkov bodies
Fix an embedding K ⊂ K and let X be a smooth projective variety of dimension
d over K. In this section, we suppose that X is geometrically irreducible over K:
that is, K = H0(X,OX) and XK := X ×Spec(K) Spec(K) is reduced irreducible. A
monomial order 6 on Rd is a total order on Rd such that (1) I ∈ Rd>0 implies I > 0,
and (2) for every I1, I2, I3 ∈ Rd, I1 6 I2 implies I1 + I3 6 I2 + I3. Let x ∈ XK
be a smooth closed point, and let zx := (z1, . . . , zd) be a local parameter system
at x. Given f ∈ OXK ,x, we expand f as a formal power series f =
∑
I∈Zd
>0
aIz
I in
ÔXK ,x = K[[z1, . . . , zd]], and set
vzx,6(f) :=
{
min6{I ∈ Zd>0 | aI 6= 0} if f 6= 0
+∞ if f = 0,
where the minimum is taken with respect to a monomial order 6 on Rd. We can
easily see that vzx,6 has the valuation-like properties: that is, for f, g ∈ OXK ,x,
• vzx,6(f) = +∞ if and only if f = 0,
• vzx,6(f + g) > min{vzx,6(f),vzx,6(g)}, and
• vzx,6(fg) = vzx,6(f) + vzx,6(g).
In particular, we can extend the function vzx,6 : OXK ,x → Zd>0 ∪ {+∞} to
(3.1) vzx,6 : Rat(XK)→ Zd ∪ {+∞}
by linearity. Let D := a1D1 + · · ·+ alDl be an R-divisor on XK , where D1, . . . , Dl
are effective Cartier divisors and a1, . . . , al ∈ R. We choose local defining equations
f1, . . . , fl of D1, . . . , Dl at x, respectively, and define
(3.2) vzx,6(D) :=
l∑
i=1
aivzx,6(fi),
which does not depend on the choice of the expressionD =
∑l
i=1 aiDi and f1, . . . , fl.
Let ξ ∈ XK be a point such that {ξ} is defined by z1 = · · · = zh = 0 at x. The
multiplicity at ξ of a non-zero f =
∑
I aIz
I is defined as the order of vanishing at
ξ: that is,
(3.3) multξ(f) := min{i1 + · · ·+ ih | a(i1,...,id) 6= 0, ∃ ih+1, . . . , id}.
We set Lξ(f) :=
∑
i1+···+ih=multξ(f)
aIz
I .
Lemma 3.1. Let D = a1D1 + · · ·+ alDl and f1, . . . , fl as above. Suppose that D
is nonzero and effective.
(1) for any ξ ∈ XK , the function X ∋ ξ 7→ multξ(D) ∈ Z>0 is upper semicon-
tinuous.
(2) Let H be a smooth hypersurface that is defined by z1 = 0 at x. If fi does
not vanish along {z1 = 0} for all i, then multx(D ∩H) > multx(D), and,
if Lx(fi) does not vanish along {z1 = 0} for all i, then multx(D ∩ H) =
multx(D).
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Proof. (1): First, we assume that D is a divisor, and let D6ℓ be the ideal sheaf
locally generated by derivatives of order 6 ℓ of local sections of OX(−D). Since
multξ(D) = min{ℓ ∈ Z>0 | (OXK/D6ℓ)ξ = 0}, the assertion holds.
Next in general, we can write D = a1D1 + · · · + alDl with positive a1, . . . , al.
For every u ∈ R,
{ξ ∈ XK | multξ(D) < u} =
⋃
a1u1+···+alul=u
l⋂
i=1
{ξ ∈ XK | multξ(Di) < ui}
is Zariski open.
(2): Since multx(D ∩ H) = min{i1 + · · · + id | a(i1,...,id) 6= 0, i1 = 0}, we have
(2). 
Let D be an adelic R-divisor on X such that D is big, and let ∆(D) be the usual
Okounkov body of DK ([8], [2]): that is,
(3.4) ∆(D) := the closed convex hull of
⋃
n>1
1
n
vzx,6(H
0(X,nD) \ {0}).
For t ∈ R, we define a compact convex body ∆t(D) as
(3.5) ∆t(D) := the closed convex hull of
⋃
n>1
1
n
vzx,6(F
nt(X,nD) \ {0}).
Remark 3.2. (1) The above definitions (3.4) and (3.5) are precisely a translate
of the definitions given by Boucksom-Chen [2] and Moriwaki [11]. Note
thatD + (φ)
∣∣∣∣∣∣φ ∈
⋃
n>1
1
n
(
Fnt(X,nD) \ {0})
 = {E ∣∣E ∼Q D, E > (0, 2t[∞])} .
Our definitions have a merit that D 6 E implies ∆(D) ⊂ ∆(E) and
∆t(D) ⊂ ∆t(E) for t ∈ R.
(2) For every λ ∈ R, ∆t(D − (0, 2λ[∞])) = ∆t+λ(D).
(3) As in [2, §1.3], the sequence of nonempty compact subsets,
(
∆t(D)
)
t<easymax(D)
,
is monotone decreasing,
the interior of ∆(D) =
⋃
t∈R
the interior of ∆t(D),
and {u ∈ ∆(D) |GD(u) > t} =
⋂
t′<t∆
t′(D) for every t ∈ R.
Lemma 3.3. We have
∆(D) = the closed convex hull of {vzx,6(E −D) |E ∼R D, E > 0}
and
∆t(D) = the closed convex hull of {vzx,6(E −D) |E ∼R D, E > (0, 2t[∞])}
for t ∈ R.
Proof. We prove the latter half. The inclusion ⊂ is clear. Suppose that φ1, . . . , φl ∈
Rat(X)× and a1, . . . , al ∈ R satisfy
E := D + a1(̂φ1) + · · ·+ al (̂φl) > (0, 2t[∞]).
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By [9], we can write each (̂φi) as a difference of two effective adelic (in fact, arith-
metic) divisors: (̂φi) = Ai−Bi. We set F :=
∑l
i=1Bi. Then for any ε > 0, we can
approximate E −D by elements in{
b1(φ1) + · · ·+ bl(φl)
∣∣∣∣ b1, . . . , bl ∈ Q,D + εF + b1(̂φ1) + · · ·+ bl(̂φl) > (0, 2t[∞])
}
.
Thus we have
vzx,6(E −D) ∈
⋂
ε>0
∆0(D + εF − (0, 2t[∞])).
Since the right-hand-side is a compact convex subset with volume volt(D) (see
Proposition 3.4 (2) below), we have
vzx,6(E −D) ∈
⋂
ε>0
∆t(D + εF ) = ∆t(D).

The concave transform GD : ∆(D) → R ∪ {−∞} is a upper semicontinuous
concave function defined as
GD(u) := sup{t ∈ R |u ∈ ∆t(D)}
for u ∈ ∆(D). Since GD is concave, GD is continuous and takes values in R over
the interior of ∆(D), and can be discontinuous over the boundary of ∆(D). By the
same arguments as in [2], we have
(3.6) v̂ol(D) = (d+ 1)![K : Q]
∫
∆(D)
max{GD(u), 0} du
and, if D is ample, GD is bounded and
(3.7) v̂ol
χˆ
(D) = (d+ 1)![K : Q]
∫
∆(D)
GD(u) du
(see [2], [11]). Here the integrals are taken with respect to the Lebesgue measure
on Rd.
Proposition 3.4. Suppose that D is big.
(1) For any t ∈ R with t < easymax(D), we have
vol(∆t(D)) =
volt(D)
(d+ 1)!
= lim
p→∞
dimK F
pt(X, pD)
pd+1
,
where the first vol stands for the Lebesgue measure on Rd.
(2) The function
vol0 : B̂ig
a
R(X)→ R, D 7→ vol0(D)
1
d+1 ,
is positively homogeneous of degree one, concave, and continuous: that is,
vol0(pD) = pd+1 vol0(D)
and
vol0(D + E)
1
d+1 > vol0(D)
1
d+1 + vol0(E)
1
d+1
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for every D,E ∈ B̂igaR(X), and
lim
ε1,...,εm→0
‖ϕ1‖sup,...,‖ϕn‖sup→0
vol0
D + m∑
i=1
εiEi +
n∑
j=1
(0, ϕj [vj ])
 = vol0(D)
for D ∈ B̂igaR(X), E1, . . . , Em ∈ D̂iv
a
R(X), v1, . . . , vn ∈ Σ, and ϕj ∈
C0vj (X).
(3) For any t ∈ R with t < easymax(D), we have
∆t(D) = {u ∈ ∆(D) |GD(u) > t} = {u ∈ ∆(D) |GD(u) > t}.
Proof. If t < easymax(D), then
⊕
n>0 F
nt(X,nD) contains an ample series [2, Defini-
tion 1.1 and Lemma 1.6]. Thus (1) is nothing but [8, Theorem 2.13]. For (3), we
refer to [9, Lemma 3.3].
(2): For adelic R-divisors D and E, we have homomorphisms
F0(X,nD)⊗ F0(X,nE)→ F0(X,n(D + E))
for n > 1. Thus (2) follows from the same arguments as in [8, Corollary 4.12]. 
Lemma 3.5. If D is big, then the following two conditions are equivalent.
(a) GD(u) > 0 for every u ∈ ∆(D).
(b) vol0(D) = vol(D).
Moreover, if D is ample, then the following is also equivalent to the above.
(c) v̂ol(D) = volχˆ(D).
Moreover, if D is ample and D is vertically nef, then the following is also equivalent
to the above.
(d) v̂ol(D) = d̂eg(D
·(d+1)
).
In particular, if D is big, then
inf
u∈∆(D)
GD(u) = sup{t ∈ R | volt(D) = vol(D)}.
Proof. (a) ⇔ (b): Both are equivalent to the condition that ∆0(D) = ∆(D). (a)
⇔ (c) follows from the integral formulas (3.6), (3.7), and (c) ⇔ (d) follows from
Lemma 2.5 (4).
Set λ1 := infu∈∆(D)GD(u) and λ2 := sup{t ∈ R | volt(D) = vol(D)}. Since
GD−(0,2λ1[∞])(u) = GD(u) − λ1 > 0, we have volλ1(D) = vol0(D − 2λ1[∞]) =
vol(D) and λ1 6 λ2. On the other hand, for any ε > 0, vol
λ2−ε(D) = vol0(D −
2(λ2 − ε)[∞]) = vol(D). Thus GD−2(λ2−ε)[∞](u) = GD(u)− (λ2 − ε) > 0 for every
u ∈ ∆(D). Hence λ1 > λ2. 
Corollary 3.6. If D is nef and big, then vol0(D) = vol(D).
Remark 3.7. An arithmetic divisor H = (H , g
H
) on X is said to be ample if g
H
defines a C∞-Hermitian metric, H is ample, ω(H ) is a positive (1, 1)-form, and, for
every n≫ 1, H0(X , nH ) is generated by sections with supremum norms less than
one. Let K := Q or R. An arithmetic K-divisor H is said to be adequate if there
exist ample arithmetic divisors H 1, . . .H l, a1, . . . , al ∈ K>0, and a nonnegative
continuous function f ∈ C0∞(X) such that
H = a1H 1 + · · ·+ alH l + (0, f).
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Proof. (1): Note that, if Ft(X,nE) = H0(X,nE) for a t > 0 and for every n ≫ 1,
then we have vol0(E) = vol(E).
Step 1. Let H be an adequate arithmetic R-divisor on a normal model X as in
Remark 3.7. Since H can be approximated by adequate arithmetic Q-divisors on
X , we have vol0(D) = vol(D) by using the above note and the continuity of vol0
(Proposition 3.4 (2)).
Step 2. Let D = (D , g
D
) be a nef and big arithmetic R-divisor on a normal
model X : that is, D is relatively nef, g
D
is plurisubharmonic, and h
D
(x) > 0 for
every x ∈ X(K). By [10, Proposition 6.2.2 (2)], D + H is adequate for every
adequate arithmetic R-divisor H . Thus by the continuity and Step 1, we have
vol0(D
a
) = vol(D ∩X).
Step 3. Let D =
(
D,
∑
v∈Σ gv[v]
)
be a nef and big adelic R-divisor on X ,
(XU ,DU ) a model of definition for D, and S := Spec(OK)\U . By Definition 2.3, for
ε > 0, we can find an OK -model (X ,D
′) of (X,D) such that X ×Spec(OK)U ∼= XU ,
D ′ ∩ XU = DU , D ′ is relatively nef, and ‖g(X ,D
′)
P − gP ‖sup < ε for every P ∈ S.
Let ̟P be a uniformizer of OKP , and let
D := D ′ + ε
∑
P∈S
XP
− log |̟P |2P
.
Then D 6 (D , g∞)
a 6 D + 2ε
∑
P∈S [P ], and (D , g∞) is nef and big. Since
vol0((D , g∞)
a) = vol(D), we have vol0(D) = vol(D) by the continuity. 
Lemma 3.8. If D is big, then the following are equivalent.
(a) D is big.
(b) GD(u) > 0 for a u ∈ ∆(D).
(c) vols(D) > 0 for an s > 0.
(d) easymax(D) > 0.
Proof. (a) ⇒ (b) is clear by (3.6).
(b) ⇒ (c): Fix a t0 ∈ R such that t0 < easymax(D). If t0 > 0, then vol0(D) >
volt0(D) > 0 by [2, Lemma 1.6]. Thus we assume that t0 < 0 and that there exists
a u0 ∈ ∆t0(D) such that s0 := GD(u0) > 0. We take an s with 0 < s < s0. For
u ∈ ∆t0(D) and for p ∈ R with 0 6 p 6 (s0 − s)/(s0 − t0) 6 1, we have
GD((1 − p)u0 + pu) > (1− p)s0 + pt0 > s.
Hence (b) implies that vols(D) > 0.
(c) ⇒ (d): Since Fns(X,nD) 6= {0} for all n≫ 1, we have easymax(D) > s > 0.
(d) ⇒ (a): Let H = (H,∑v∈Σ hv[v]) be a big adelic R-divisor. Since D is big,
H0(X,nD −H) 6= {0} for every n≫ 1. Thus by Lemma 2.3, one can find nonzero
sections φ ∈ H0f (X,nD − H) and ψ ∈ H0f (X,nD) such that ‖ψ‖ng∞sup < 1 for an
n≫ 1. Since
‖ψm · φ‖(m+1)ng∞−h∞sup 6 (‖ψ‖ng∞sup )m · ‖φ‖ng∞−h∞sup ,
Ĥ0(X,mD−A) 6= {0} for an m≫ 1. Thus v̂ol(D) > v̂ol(H) > 0 and D is big. 
Lemma 3.9. Suppose that D is big.
(1) The following are equivalent.
(a) D is peudo-effective.
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(b) ∆0(D) 6= ∅.
(c) supu∈∆(D)GD(u) > 0.
(d) D + (0, ε[∞]) is big for every ε > 0.
(2) If vol0(D) > 0, then D is pseudo-effective.
Remark 3.10. Since GD is upper semicontinuous and ∆(D) is compact, GD attains
a maximum in ∆(D).
Proof. (1) (a) ⇒ (b): Fix a big adelic R-divisor A with A > 0. Then we have
∆0(D) =
⋂
ε>0
∆0(D + εA)
and ∆0(D) 6= ∅. (b) ⇒ (c) is clear.
(c) ⇒ (d): Since GD+(0,2ε[∞])(u) = GD(u) + ε, we have
sup
u∈∆(D)
GD+(0,2ε[∞])(u) > 0
for every ε > 0. Thus by Lemma 3.8, we conclude.
(d) ⇒ (a): Since v̂ol(D+ ε[∞] +A) > v̂ol(A) for ε > 0, we have v̂ol(D+A) > 0
for every big adelic R-divisor A. Thus D is pseudo-effective.
(2) is clear by (1). 
4. Arithmetic σ-invariants
Let X be a smooth projective variety of dimension d over K, and let ξ ∈ X
be a point (not necessarily closed) on X . We fix an embedding K ⊂ K, and let
ξ1, . . . , ξr ∈ XK be the points underlying ξ, that is, ξi 7→ ξ. Then the multiplicity
of D at ξ ∈ X satisfies
(4.1) multξ(D) := multξ1(DK) = · · · = multξr (DK).
Given a big adelic R-divisor D, we define the arithmetic σ-invariant of D at ξ ∈ X
as
σ̂ξ(D) := inf
{
multξ(E)
∣∣E ∼R D and E > 0} > 0.
Lemma 4.1. Let D be a big adelic R-divisor.
(1) For any φ ∈ Rat(X)× ⊗Z R, we have σ̂ξ(D + (̂φ)) = σ̂ξ(D).
(2) For any t ∈ R>0, we have σ̂ξ(tD) = t σ̂ξ(D).
(3) If E is big, then σ̂ξ(D + E) 6 σ̂ξ(D) + σ̂ξ(E), and, if E is effective, then
σ̂ξ(D + E) 6 σ̂ξ(D) + multξ(E).
(4) For E1, . . . , Em ∈ D̂iv
a
R(X), v1, . . . , vn ∈ Σ, and ϕj ∈ C0vj (X), we have
lim
ε1,...,εm→0
‖ϕ1‖sup,...,‖ϕn‖sup→0
σ̂ξ
D + m∑
i=1
εiEi +
n∑
j=1
(0, ϕj [vj ])
 = σ̂ξ(D).
(5) If D is nef and big, then σ̂ξ(D) = 0.
(6) If D is big, then
σ̂ξ(D) = inf
{
multξ(E)
∣∣E ∼R D and E > 0}
= inf
{
multξ(E)
∣∣E ∼Q D and E > 0} .
(7) The function X ∋ ξ 7→ σ̂ξ(D) ∈ R>0 is upper semicontinuous.
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(8) Let x be a closed point, let π : Y → X be the blowing-up with center {x},
and let Γx be the exceptional divisor. Then we have σ̂x(D) = σ̂Γx(π
∗D).
Proof. One can find proofs of (1) – (6) in [11, Proposition 7.2.3]. For the reader’s
convenience, we include a proof of (4) (see [11, Claim 7.2.1.1]).
(4): This formally follows from (2), (3). In fact, the function σ̂ξ : B̂ig
a
R(X)→ R
is convex by (2), (3). Since
σ̂ξ
D + m∑
i=1
εiEi +
n∑
j=1
‖ϕj‖sup(0, [vj ])

6 σ̂ξ
D + m∑
i=1
εiEi +
n∑
j=1
(0, ϕj [vj ])

6 σ̂ξ
D + m∑
i=1
εiEi −
n∑
j=1
‖ϕj‖sup(0, [vj ])

by (3), we may assume that ϕj ≡ 0 for all j. Moreover, since each Ei is a difference
of two big adelic R-divisors, we may assume that E1, . . . , Em are all big. Since
σ̂ξ
(
D +
m∑
i=1
|εi|Ei
)
+
m∑
i=1
(|εi| − εi) σ̂ξ(Ei) 6 σ̂ξ
(
D +
m∑
i=1
εiEi
)
6 σ̂ξ
(
D −
m∑
i=1
|εi|Ei
)
+
m∑
i=1
(|εi|+ εi) σ̂ξ(Ei)
by (2), (3), we may assume that ε1, . . . , εm are of the same sign.
By (2), (3), we have
(4.2) σ̂ξ
(
D +
m∑
i=1
εiEi
)
6 σ̂ξ(D) +
m∑
i=1
εi σ̂ξ(Ei)
and
(4.3) σ̂ξ(D) 6 σ̂ξ
(
D −
m∑
i=1
εiEi
)
+
m∑
i=1
εi σ̂ξ(Ei)
for sufficiently small ε1 > 0, . . . , εm > 0. Hence
lim sup
ε1,...,εm→0+
σ̂ξ
(
D +
m∑
i=1
εiEi
)
6 σ̂ξ(D) and lim inf
ε1,...,εm→0+
σ̂ξ
(
D −
m∑
i=1
εiEi
)
> σ̂ξ(D).
Since D is big, we can fix δ1, . . . , δm ∈ R>0 such that D− δ1E1, . . . , D− δmEm are
still all big. By (2), (3), we have
(4.4) (1 + ε1 + · · ·+ εm) σ̂ξ(D) 6 σ̂ξ
(
D +
m∑
i=1
εiδiEi
)
+
m∑
i=1
εi σ̂ξ(D − δiEi)
and
(4.5) σ̂ξ
(
D −
m∑
i=1
εiδiEi
)
6 (1− ε1 − · · · − εm) σ̂ξ(D) +
m∑
i=1
εi σ̂ξ(D − δiEi)
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for sufficiently small ε1 > 0, . . . , εm > 0. Hence
lim inf
ε1,...,εm→0+
σ̂ξ
(
D +
m∑
i=1
εiEi
)
> σ̂ξ(D) and lim sup
ε1,...,εm→0+
σ̂ξ
(
D −
m∑
i=1
εiEi
)
6 σ̂ξ(D).
(7): Since {
ξ ∈ X | σ̂ξ(D) < u
}
=
⋃
E∼RD,
E>0
{ξ ∈ X | multξ(E) < u}
for u ∈ R, the assertion follows from Lemma 3.1 (1).
(8): This follows from [6, Example 4.3.9]. 
Lemma 4.2. Let Γ be a prime divisor on X. Fix an adelic divisor H
a
associated
to an ample arithmetic divisor H of C∞-type on a normal model X of X. Then,
for any effective adelic R-divisor D, we have
multΓ(D) 6
d̂eg
(
H
a·d ·D
)
d̂eg
(
(H
a|Γ)·d
) .
Proof. There exists a finite set S ⊂ Σf such that, given any ε > 0, one can find an
effective arithmetic R-divisor D on a normal model X ′ of X such that
• there exists a morphism µ : X ′ → X that extends the identity,
• the closure Γ˜ of Γ in X ′ is Cartier, and
• 0 6 Da −D 6 ε (0,∑P∈S [P ]).
We set a := multΓ(D). Since D − aΓ˜ is still an effective Cartier divisor, we can
decompose D as
D = a(Γ˜, g) + E ,
where g is a nonnegative Γ-Green function and E is an effective arithmetic R-divisor
(see [10, Proposition 2.4.2]). Then we have
d̂eg
(
H
a·d ·D
)
+ ε d̂eg
(
H
a·d ·
(
0,
∑
P∈S
[P ]
))
> d̂eg
(
µ∗H
·d ·D
)
> a d̂eg
(
µ∗H
·d · (Γ˜, g)
)
> a d̂eg
(
(H
a|Γ)·d
)
for every ε > 0. Hence we conclude the proof. 
Proposition 4.3. Let D be a pseudo-effective adelic R-divisor and let A be a nef
and big adelic R-divisor. Then the limit
lim
ε→0+
σ̂ξ(D + εA)
exists in R>0 and does not depend on A.
Proof. Since σ̂ξ(A) = 0, the function
R>0 ∋ ε 7→ σ̂ξ(D + εA) ∈ R>0
is monotone decreasing by Lemma 4.1 (3). By taking a closed point in {ξ}, we may
assume that ξ is a smooth closed point x in X . Let π : Y → X be the blowing-up
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with center {x}, and let Γx be the exceptional divisor. Then, by choosing adelic
divisor H
a
on Y as in Lemma 4.2, we have
σ̂x(D + εA) = σ̂Γx(π
∗(D + εA)) 6
d̂eg
(
H
a·d · π∗(D + εA)
)
d̂eg
(
(H
a|Γx)·d
)
for every ε > 0. Thus we have σ̂x(D) < +∞.
Let A
′
be another nef and big adelic R-divisor. Since A is big, there exists a
δ > 0 such that A− δA′ is big. By Lemma 4.1 (3),
σ̂ξ(D + εA) 6 σ̂ξ(D + εδA
′
) + ε σ̂ξ(A− δA′)
for every ε > 0. Thus limε→0+ σ̂ξ(D + εA) 6 limε→0+ σ̂ξ(D + εA
′
). By changing
A for A
′
, we conclude the proof. 
Definition 4.1. Fix a nef and big adelic R-divisor A. For a pseudo-effective adelic
R-divisor D, we define
σ̂ξ(D) := lim
ε→0+
σ̂ξ(D + εA),
which does not depend on the choice of A by Proposition 4.3. We set
N̂Bs(D) := {ξ ∈ X | σ̂ξ(D) > 0}.
Remark 4.4. (1) IfD is not big, then our σ̂ξ(D)(Definition 4.1) is different from
the µK,ξ(D) (K is either R or Q) given by Moriwaki ([9], [10], [11]). We have
σ̂ξ(D) 6 µR,ξ(D) 6 µQ,ξ(D) in general, and the two equalities hold if D is
big. In [12], one can find an example where D is nef but µR,ξ(D) = +∞.
(2) We can define σξ(D) and NBs(D) for a pseudo-effective R-divisor D in the
same way as above (see [13, Chap. III, §1] for details).
We extend Lemma 4.1 to the pseudo-effective case as follows.
Proposition 4.5. Let D be a pseudo-effective adelic R-divisor.
(1) For any φ ∈ Rat(X)× ⊗Z R, we have σ̂ξ(D + (̂φ)) = σ̂ξ(D).
(2) For any t ∈ R>0, we have σ̂ξ(tD) = t σ̂ξ(D).
(3) If E is also pseudo-effective, then σ̂ξ(D + E) 6 σ̂ξ(D) + σ̂ξ(E), and, if E
is effective, then σ̂ξ(D + E) 6 σ̂ξ(D) + multξ(E).
(4) Let E1, . . . , Em ∈ D̂iv
a
R(X) and v1, . . . , vn ∈ Σ. Let (ε1k)∞k=1, . . . , (εmk)∞k=1
be sequences of real numbers that converge to zero, and let (ϕ1k)
∞
k=1 ⊂
C0v1(X), . . . , (ϕnk)
∞
k=1 ⊂ C0vn(X) be sequences that uniformly converge to
zero. If D+
∑m
i=1 εikEi +
∑n
j=1(0, ϕjk[vj ]) is pseudo-effective for every k,
we have
lim inf
k→∞
σ̂ξ
D + m∑
i=1
εikEi +
n∑
j=1
(0, ϕjk[vj ])
 > σ̂ξ(D).
(5) For E1, . . . , Em ∈ P̂E
a
R(X), v1, . . . , vn ∈ Σ, and ϕj ∈ C0vj (X) with ϕj > 0,
we have
lim
ε1,...,εm→0+
ϕ1>0,...,ϕn>0
‖ϕ1‖sup,...,‖ϕn‖sup→0
σ̂ξ
D + m∑
i=1
εiEi +
n∑
j=1
(0, ϕj [vj ])
 = σ̂ξ(D).
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(6) If D is nef, then σ̂ξ(D) = 0.
(7) For ξ ∈ X, there exists an intersection of countably many nonempty Zariski
open subsets, U ⊂ {ξ}, such that, for every x ∈ U , σ̂x(D) = σ̂ξ(D). In
particular,
N̂Bs(D) = {x ∈ X |x is closed and σ̂x(D) > 0}.
(8) For any nef and big adelic R-divisor A, we have
N̂Bs(D) =
⋃
t>0
N̂Bs(D + tA).
Remark 4.6. As we shall see in Example 5.2, Proposition 4.5 (4) does not hold
without the conditions that εi > 0 for every i and ϕj > 0 for every j. In particular,
the function σ̂ξ : P̂E
a
R(X)→ R is not continuous (but still is lower semicontinuous)
over the boundary of P̂E
a
R(X).
Proof. (1) – (3), (6) follow from Lemma 4.1 (1) – (3), (5), respectively.
(4): We fix a nef and big adelic R-divisor A. Given any ε > 0, there exists a
δ > 0 such that
(4.6) σ̂ξ(D + δA) > σ̂ξ(D)− ε.
By Lemma 4.1 (4), there exists an N > 1 such that
(4.7)
∣∣∣∣∣∣σ̂ξ
D + δA+ m∑
i=1
εikEi +
n∑
j=1
(0, ϕjk[vj ])
 − σ̂ξ (D + δA)
∣∣∣∣∣∣ 6 ε
for every k > N . Moreover, we have
(4.8)
σ̂ξ
D + m∑
i=1
εikEi +
n∑
j=1
(0, ϕjk[vj ])
 > σ̂ξ
D + δA+ m∑
i=1
εikEi +
n∑
j=1
(0, ϕjk[vj ])

since A is nef. Thus, by (4.6), (4.7), (4.8), we have
σ̂ξ
D + m∑
i=1
εikEi +
n∑
j=1
(0, ϕjk[vj ])
 > σ̂ξ(D)− 2ε
for every i > N . Hence we conclude.
(5): Since E1, . . . , Em are pseudo-effective and (0, ϕ1[v1]), . . . , (0, ϕn[vn]) are
effective, we have
(4.9) σ̂ξ
D + m∑
i=1
εikEi +
n∑
j=1
(0, ϕjk[vj ])
 6 σ̂ξ(D) + m∑
i=1
εi σ̂ξ(Ei)
by (2), (3). On the other hand, we have
(4.10) lim inf
ε1,...,εm→0+
ϕ1>0,...,ϕn>0
‖ϕ1‖sup,...,‖ϕn‖sup→0
σ̂ξ
D + m∑
i=1
εiEi +
n∑
j=1
(0, ϕj [vj ])
 > σ̂ξ(D)
by (4). Thus we conclude.
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(7): Fix a nef and big adelic R-divisor A. By Lemma 4.1 (7), there exists a
nonempty Zariski open subset Un ⊂ {ξ} such that
σ̂x
(
D +
1
n
A
)
= σ̂ξ
(
D +
1
n
A
)
for every x ∈ Un. We set U :=
⋂
n>1 Un. Then σ̂x(D) = σ̂ξ(D) for every x ∈ U .
(8): By (3), the inclusion ⊃ is clear. Suppose that σ̂x(D) > 0. Then there exists
a t > 0 such that σ̂x(D + tA) > 0. Thus x ∈ N̂Bs(D + tA). 
To prove the main results, we recall a result of Moriwaki (Theorem 4.8) relating
the arithmetic Okounkov body with the arithmetic σ-invariants (see [9, Lemma 3.3],
[9, Theorem 3.4], [11, Theorem 7.3.3]). We use the same notation as in §3. Given a
monomial order 6 on Rd and a linear form ℓ : Rd → R, we define a new monomial
order 6ℓ as
I 6ℓ J ⇔ ℓ(I) < ℓ(J), orℓ(I) = ℓ(J) and I 6 J
for I, J ∈ Rd, and replace 6 with 6ℓ in the construction of ∆(D) and ∆t(D).
Lemma 4.7. Suppose that D is big. Let ξ ∈ X be a point such that {ξ} is defined
by z1 = · · · = zh = 0 at x, and let ℓ(u1, . . . , ud) := u1 + · · · + uh. The Okounkov
bodies below are with respect to the monomial order 6ℓ.
(1) We have
σξ(D)−multξ(D) = inf{ℓ(u) |u ∈ ∆(D)}.
(2) Suppose that D is pseudo-effective. Then
σ̂ξ(D)−multξ(D) = inf{ℓ(u) |u ∈ ∆0(D) 6= ∅}.
Proof. We give a proof of (2). If D is big, then the assertion is nothing but [9,
Lemma 3.3], [11, §7.3]. Note that ∆0(D) 6= ∅ and D+ (0, 2t[∞]) is big for all t > 0
by Lemma 3.9 (1), and that the function
R>0 ∋ t 7→ inf{ℓ(u) |u ∈ ∆0(D + (0, 2t[∞]))} ∈ R
is monotone decreasing and
lim
t→0+
inf{ℓ(u) |u ∈ ∆0(D + (0, 2t[∞]))} = inf{ℓ(u) |u ∈ ∆0(D)}
by Remark 3.2 (3) and Proposition 3.4 (3). Hence we have
inf{ℓ(u) |u ∈ ∆0(D)} = lim
t→0+
inf{ℓ(u) |u ∈ ∆0(D + (0, 2t[∞]))}
= lim
t→0+
σ̂ξ(D + (0, 2t[∞]))
= σ̂ξ(D)
by Proposition 4.5 (5). 
Theorem 4.8. Suppose that D is big.
(1) If vol0(D) = vol(D), then D is pseudo-effective and σ̂ξ(D) = σξ(D) for
every ξ ∈ X. In particular, we have N̂Bs(D) = NBs(D).
(2) If D is nef and vol0(D) = vol(D), then N̂Bs(D) = ∅.
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Proof. (1): By Proposition 3.4 (3), the condition vol0(D) = vol(D) implies∆0(D) =
∆(D). Hence by Lemma 4.7 (2), we have
σ̂ξ(D) = inf{u1 + · · ·+ uh | (u1, . . . , ud) ∈ ∆0(D)}
= inf{u1 + · · ·+ uh | (u1, . . . , ud) ∈ ∆(D)} = σξ(D).
(2) follows from (1) since NBs(D) = ∅ for nef D ([13, Chap. III, Proposition 1.14]).

5. Absolute minima
In this section, we prove that σ̂x(D) = 0 implies hD(x) > 0 for a pseudo-effective
adelic R-divisor D (Corollary 5.5). The outline of the proof is as follows: we fix
an effective adelic R-divisor D
′ ∼R D + A with small multiplicity at x and choose
a suitable curve X ′ passing through x such that multx(D
′ ∩ X ′) = multx(D′).
Then, for any ε > 0, hD′∩X′(x) > −ε implies hD′(x) > −ε. As an application,
we prove a characterization of nef adelic R-divisors in terms of arithmetic numer-
ical base loci (Theorem 5.6). We also evaluate the absolute minima of generically
big and vertically nef adelic R-divisors in terms of arithmetic numerical base loci
(Corollary 5.7).
Proposition 5.1. Let X be a smooth projective variety over K, let x ∈ X(K) be a
rational point, and let I be the ideal sheaf defining the simple point {x} in X. Fix
an adelic divisor A on X such that〈
H0(X,OX(A)⊗ I) ∩ Ĥ0(X,A)
〉
K
⊗K OX → OX(A)⊗ I
is surjective. Then, for any effective adelic R-divisor D, we have
hD(x) + multx(D) · hA(x) > 0.
Remark 5.2. Let X be an OK-model of X , and let J be the ideal sheaf defining
{x} in X . We can find an ample divisor A on X such that
H0(X ,OX (A )⊗ J)⊗Z OX → OX (A )⊗ J
is surjective, and choose a continuous Hermitian metric on A such thatH0(X ,OX (A )⊗
J) is generated by sections s with ‖s‖Asup 6 1. Then A := A
a
satisfies the conditions
of Proposition 5.1.
Proof. We set δ := multx(D). If δ = 0, then x is not contained in Supp(D) and we
have hD(x) > 0 by Lemma 2.4 (3). We assume δ > 0 and prove the assertion by
induction on dimension.
Claim 5.3. The assertion holds if dimX is one.
Proof. There exists a φ ∈ H0(X,A− x) such that A+ (̂φ) is effective and
(5.1) multx (D + δ(A+ (φ))) = 0.
Since D + δ(A+ (̂φ)) is effective and x is not contained in Supp(D + δ(A + (φ))),
we have
hD(x) + δhA(x) = hD+δ(A+(̂φ))(x) > 0
by Lemma 2.4 (3). 
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Since X is smooth, we can write D = a1D1 + · · · + alDl with effective prime
Cartier divisorsD1, . . . , Dl and positive real numbers a1, . . . , al ∈ R. Then Supp(D) :=⋃l
i=1 Supp(Di).
Claim 5.4. One can find a smooth closed subvariety X ′ ⊂ X of dimension dimX−
1 having the following properties.
• X ′ passes through x.
• X ′ is not contained in Supp(D)∪Supp(A) (in particular, one can consider
the restrictions D|X′ = a1D1|X′ + · · ·+ alDl|X′ and A|X′).
• multx(D|X′) = multx(D).
Proof. Let r := [K(x) : Q], and let x1, . . . , xr be the points on Xan∞ underlying x.
We can find a very ample line bundle H such that
H0(X,H ⊗ I)⊗Q OX → H ⊗Q I/I2
is surjective. By Lemma 3.1 (2) and (4.1), a general section sC ∈ H0(X,H⊗I)⊗QC
has the following properties:
• div(sC) is generically smooth,
• sC does not pass through any generic point of D1,C, . . . , Dl,C, AC, and
• multxj(Di,C|div(sC)) = multxj (Di,C) for every i, j.
Thus we can find an s ∈ H0(X,H ⊗ I) such that sC has the all properties above,
and set X ′ := div(s). 
The ideal sheaf I′ := IOX′ defines the reduced induced scheme structure on {x}
in X ′. Since〈
H0(X ′,OX′(A|X′)⊗ I′) ∩ Ĥ0(X ′, A|X′)
〉
K
⊗K OX′ // OX′(A|X′)⊗ I′
〈
H0(X,OX(A)⊗ I) ∩ Ĥ0(X,A)
〉
K
⊗K OX
OO
// OX(A) ⊗ I
OO
is commutative, we can apply the induction hypothesis and have
hD(x) + multx(D) · hA(x) = hD|X′ (x) + multx(D|X′) · hA|X′ (x) > 0
by Lemma 2.4 (4). 
Corollary 5.5. Let X be a smooth projective variety over K, let D be a pseudo-
effective adelic R-divisor, and x ∈ X(K). If σ̂x(D) = 0, then we have hD(x) > 0.
Proof. Let I be the ideal sheaf defining {x} in X , and fix an adelic divisor A on X
such that 〈
H0(X,OX(A)⊗ I) ∩ Ĥ0(X,A)
〉
K
⊗K OX → OX(A)⊗ I
is surjective. Since σ̂x(D) = 0, given any ε > 0, we can find a φ ∈ Rat(X)× ⊗Z R
such that D+ εA+ (̂φ) is effective and multx(D+ εA+ (̂φ)) < ε. Since hA(x) > 0,
we have
hD(x) + 2εhA(x) > 0
by Proposition 5.1 and Lemma 2.4 (1). Hence we conclude the proof. 
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If D is pseudo-effective, we have
{x ∈ X(K) |hD(x) < 0} ⊂ {x ∈ X(K) | σ̂x(D) > 0}
by Corollary 5.5, and, if D is nef, then both are empty. In view of Theorem 5.6, we
can regard that these two sets measure the “non-nefness” of D. As we shall see in
Example 5.2, these two sets do not coincide if D is not nef. If d = 1 and D is big,
then we know that the both sets are finite (Proposition 5.8).
Theorem 5.6. Let X be a smooth projective variety over K and let D be a vertically
nef adelic R-divisor on X. Then the following three conditions are all equivalent.
(a) D is nef: that is, hD(x) > 0 for all x ∈ X(K).
(b) There exists a nef adelic R-divisor A such that
vol0(D + εA) = vol(D + εA) > 0
for every ε > 0.
(c) D is pseudo-effective and N̂Bs(D) = ∅.
In particular, if D is big, then we can replace (b) with the following.
(b)
′
vol0(D) = vol(D).
Proof. (a) ⇒ (b), (b)′ follows from Corollary 3.6 (1). (b), (b)′ ⇒ (c) follows from
Theorem 4.8, and (c) ⇒ (a) follows from Corollary 5.5. 
Corollary 5.7. If D is a vertically nef adelic R-divisor, then the following two
invariants all coincide.
(a) µ̂abs(D) := infx∈X(K) hD(x).
(b) sup{t ∈ R |D − (0, 2t[∞]) ∈ P̂EaR(X) and N̂Bs(D − (0, 2t[∞])) = ∅}.
Moreover, if D is big, then the following also coincide with the above.
(c) infu∈∆(D)GD(u).
(d) sup{t ∈ R | volt(D) = vol(D)}.
Moreover, if D is ample, then the following also coincides with the above.
(e) easymin(D).
Proof. If one of the above invariants is −∞, then all are −∞. Thus we may assume
that all are finite. SinceD−(0, 2µ̂abs(D)[∞]) is nef, we have (a) 6 (b) and (a) 6 (c).
On the other hand, if D−(0, 2t[∞]) is pseudo-effective and N̂Bs(D−(0, 2t[∞])) = ∅
(resp. if volt(D) = vol0(D−2t[∞]) = vol(D)), D−(0, 2t[∞]) is nef by Theorem 5.6.
Thus hD(x) > t for every x ∈ X(K) and (a) > (b) (resp. (a) > (c)). By Lemma 3.5,
we have (c) = (d).
If D is an ample adelic Q-divisor, then by [16, Corollary (5.7)] and [17, Theo-
rem 1.10] we have (a) = (e). In general, since we can approximate D by ample
adelic Q-divisors, the assertion holds by Lemma 2.5 (3). 
Proposition 5.8. Suppose that D is big and that D admits a Zariski decomposition
D = P +N : that is, P is nef, E is effective, and v̂ol(P ) = v̂ol(D) (see [7]). Then
we have N̂Bs(D) = Supp(N). We consider the following four conditions.
(a) vol0(D) = vol(D).
(b) N̂Bs(D) = ∅.
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(c) There exist a finite set S ⊂ Σ and nonnegative functions ϕv on Xanv such
that N =
(
0,
∑
v∈S ϕv[v]
)
.
(d) infx∈X(K) hD(x) > 0.
Then (a) ⇔ (b) ⇔ (c) ⇒ (d).
Proof. (a) ⇒ (b) is clear by Theorem 4.8.
(b)⇒ (c): Since D admits a Zariski decomposition, (b) implies that Supp(N) =
N̂Bs(D) = ∅. Thus (c) follows.
(c) ⇒ (a): Since vol(P ) = vol(D), we have
vol(D) = vol(P ) = vol0(P ) = vol0(D).
(c) ⇒ (d) holds since hN (x) > 0 for every x ∈ X(K). 
Proposition 5.9. Let D = (D,
∑
v gv[v]) be an adelic R-divisor such that D is
ample. We set
Q(gP ) := sup
{
g(X ,D)
∣∣∣∣ (X ,D) is an OKP -model of (X,D) such thatg(X ,D) 6 gP and D is relatively nef
}
for P ∈ Σf , and
Q(g∞) := sup{γ | γ is plurisubharmonic with γ 6 g∞}.
Suppose that Q(gP ) is a D-Green function for every P ∈ Σf . Then Q(D) :=
(D,
∑
v Q(gv)[v]) is the maximal vertically nef adelic R-subdivisor of D such that
GQ(D) = GD.
Proof. By the assumptions, Q(D) is a vertically nef adelic R-subdivisor of D. Let
t < easymax(D). For every nef adelic R-subdivisor N of D − (0, 2t[∞]), we have
N 6 Q(D)− (0, 2t[∞]). Thus by the Fujita approximation [11, Theorem 5.1.6], we
have ∆t(Q(D)) = ∆t(D). 
If X is a curve, then the conditions of Propositions 5.9 are satisfied (see [14],
[11, Theorem 6.1.1]) and the infimum of GD is given by the absolute minimum of
Q(D):
inf
u∈∆(D)
GD(u) = inf
x∈X(K)
hQ(D)(x) 6 inf
x∈X(K)
hD(x).
The last equality does not hold in general if D is not vertically nef. We give a
counterexample in Example 5.2.
Example 5.1. Let D be a toric metrized R-divisor on a toric projective variety X
as in [4, Definition 4.12]. After a toric blow up π : X ′ → X , there exists a Zariski
decomposition π∗D = P + N [4, Proposition 4.10 (2)]. Let P be the vertically
nef adelic R-divisor corresponding to the roof functions [4, Definition 4.17]. Then
GP = Gπ∗D on ∆(P ) = ∆(π
∗D).
Example 5.2. Let X := PdZ = Proj(Z[X0, . . . , Xd]), zi := Xi/X0 and D := {X0 =
0} as in [10, §9.4]. We take an a := (a0, . . . , ad) ∈ Rd+1>0 , and set
(5.2) ga := logmax
{
a20, a
2
1|z1|2, . . . , a2d|zd|2
}
,
which is a plurisubharmonic D-Green function of continuous type, and Da :=
(D , ga). Note that Da is invariant under the natural torus action.
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We take a cutoff function ρ : PdC → R>0 near x0 := (1 : 0 : · · · : 0) such that
(5.3) Supp ρ ⋐ {|z1| < a0/a1} × · · · × {|zd| < a0/ad} ,
and set Da,ρ := Da+(0, ρ) = (D , ga+ρ) and ga,ρ := ga+ρ. By using the maximal
value principle, one can easily see that the Da gives the maximal element of the
set
{
E
∣∣E is vertically nef and Da 6 E 6 Da,ρ}. In the following, we see that the
shape of the arithmetic Okounkov body of Da,ρ is determined by Da.
Claim 5.10. For n > 1, we have H0(X , nD) =
⊕
I∈Zd
>0
,|I|6n Zz
I.
(1) For I ∈ Zd>0 with |I| 6 n,
‖zI‖nga,ρsup =
1
an−i1−···−id0 · ai11 · · · aidd
.
(2) For φ :=
∑
I∈Zd
>0
,|I|6n cIz
I ∈ H0(X , nD), we have
‖φ‖nga,ρsup >
√√√√√ ∑
I∈Zd
>0
,|I|6n
(
cI
an−i1−···−id0 · ai11 · · · aidd
)2
.
Proof. (2): By (5.3), we have
‖φ‖nga,ρsup > sup
|ζi|=a0/ai
∣∣∣∣φ(ζ) exp(−nga,ρ(ζ)2
)∣∣∣∣ = 1an0 sup|ζi|=a0/ai
∣∣∣∣∣∑
I
cIζ
I
∣∣∣∣∣
>
√√√√∫ 1
0
· · ·
∫ 1
0
∣∣∣∣∣∑
I
cI
a
n−|I|
0 · aI
exp
(
2π
√−1(i1t1 + · · ·+ intn)
)∣∣∣∣∣
2
dt1 . . . dtn
=
√√√√∑
I
(
cI
a
n−|I|
0 · aI
)2
.
(1) follows from (2). 
Set ∆ := {(u0, . . . , un) ∈ Rn+1>0 |u0 + · · · + un = 1}. We define a function
G : ∆→ R by
(5.4) G(u) := u0 log a0 + · · ·+ ud log ad
and set ∆t := {u ∈ ∆ |G(u) > t} for t ∈ R. Since
(5.5) Ft(PdQ, nD
a
a,ρ) =
⊕
I∈Zd
>0
∩n∆t
QzI
by Claim 5.10, we can see that (∆, G) gives the arithmetic Okounkov body of Da,ρ
with respect to an arbitrarily fixed monomial order, and that −G is the Legendre-
Fenchel transform of max{log a0, v1 + log a1, . . . , vd + log ad}: that is,
−G(u) = sup{〈u, v〉 −max{log a0, v1 + log a1, . . . , vd + log ad} ∣∣ v ∈ Rd}
for u ∈ ∆.
Claim 5.11. (1) Da,ρ is nef if and only if ai > 1 for every i and ρ = 0.
(2) Da,ρ is effective if and only if Da is pseudo-effective.
(3) Da,ρ is big if and only if ai > 1 for some i.
24 HIDEAKI IKOMA
(4) v̂ol(Da,ρ) = v̂ol(Da) = (d+ 1)!
∫
∆0
G(u) du and
v̂ol
χˆ
(Da,ρ) = v̂ol
χˆ
(Da) = (d+ 1)!
∫
∆
G(u) du = log
d∏
i=0
ai.
(5) Suppose that Da,ρ is pseudo-effective. Then σ̂ξ(Da,ρ) = σ̂ξ(Da) for every
ξ ∈ PdQ, and
N̂Bs(Da,ρ) = N̂Bs(Da) =
⋂
ai>1
{Xi = 0}.
(6) We have
inf
x∈X (Q)
h
Da,ρ
(x) = min{log a0 + ρ(x0), log a1, . . . , log ad}.
Proof. (1)–(5) follow from the general theory ([2], Lemmas 3.8, 3.9, and 4.7 (2)).
For x ∈ X (Q), we have
(5.6) h
Da,ρ
(x)
{
= log a0 + ρ(x0) if x = x0, and
> min{log a1, . . . , log ad} if x 6= x0.
Thus (6) holds. 
Suppose that min{a1, . . . , ad} = a1, max{a1, . . . , ad} = ad, 0 < a0 < 1 6 a1,
and ρ(x0) > log(a1/a0). Then
inf
x∈X (Q)
h
Da,ρ
(x) = log a1 > 0, σ̂x0(Da,ρ) =
− log a0
log ad − log a0 > 0,
and N̂Bs(Da,ρ) = {x0} 6= ∅.
Suppose that Da,ρ is pseudo-effective and 0 < ai 6 1 for every i. Then
σ̂{Xi=0}(Da,ρ) =
{
0 if ai = 1, and
1 if 0 < ai < 1.
Given any u = (u0, . . . , ud) ∈ ∆0, we can see that Da,ρ + ̂(zu11 · · · zudd ) > 0.
This gives a weak Zariski decomposition of Da,ρ in the sense that v̂ol(Da,ρ) =
v̂ol( ̂(z−u11 · · · z−udd )) = 0.
References
[1] Vladimir G. Berkovich. Spectral theory and analytic geometry over non-Archimedean fields.
Mathematical Surveys and Monographs, 33. American Mathematical Society, Providence, RI,
1990.
[2] Sébastien Boucksom and Huayi Chen. Okounkov bodies of ﬁltered linear series. Compositio
Mathematica, 147(4):1205–1229, 2011.
[3] Sébastien Boucksom, Charles Favre, and Mattias Jonsson. Singular semipositive metrics in
non-Archimedean geometry. (arXiv:1201.0187), 2011.
[4] Jose Ignatio Burgos Gil, Atsushi Moriwaki, Patrice Philippon, and Martin Sombra. Arith-
metic positivity on toric varieties. arXiv:1210.7692, 2012.
[5] Jose Ignatio Burgos Gil, Philippon Patrice, and Sombra Martin. Arithmetic geometry of toric
varieties. metrics, measures and heights. arXiv:1105.5584v2, 2012.
A NUMERICAL CHARACTERIZATION OF NEF ADELIC DIVISORS 25
[6] William Fulton. Intersection theory, volume 2 of Ergebnisse der Mathematik und ihrer Gren-
zgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and
Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics]. Springer-Verlag,
Berlin, second edition, 1998.
[7] Hideaki Ikoma. On the concavity of the arithmetic volumes. (arXiv:1310.8424v2), 2013.
[8] Robert Lazarsfeld and Mircea Mustaţă. Convex bodies associated to linear series. Annales
Scientifiques de l’École Normale Supérieure. Quatrième Série, 42(5):783–835, 2009.
[9] Atsushi Moriwaki. Numerical characterization of nef arithmetic divisors on arithmetic sur-
faces. to appear in Annales de la faculté des sciences de Toulouse (arXiv:1201.6124), 2012.
[10] Atsushi Moriwaki. Zariski decompositions on arithmetic surfaces. Publ. Res. Inst. Math. Sci.,
48(4):799–898, 2012.
[11] Atsushi Moriwaki. Adelic divisors on arithmetic varieties. (arXiv:1302.1922v2)[math.AG],
2013.
[12] Atsushi Moriwaki. Algebraic dynamical systems and Dirichlet’s unit theorem on arithmetic
varieties. (arXiv:1312.3528v2)[mathAG], 2013.
[13] Noboru Nakayama. Zariski-decomposition and abundance, volume 14 ofMSJ Memoirs. Math-
ematical Society of Japan, Tokyo, 2004.
[14] A Thuillier. Théorie du potentiel sur les courbes en géometrie analytique
non-archimédienne. Thesis, Université de Rennes 1, available at tel.archives-
ouvertes.fr/docs/00/04/87/50/PDF/tel-00010990.pdf, 2005.
[15] Xinyi Yuan. Big line bundles over arithmetic varieties. Inventiones Mathematicae, 173(3):603–
649, 2007.
[16] Shou-Wu Zhang. Positive line bundles on arithmetic varieties. Journal of the American Math-
ematical Society, 8(1):187–221, January 1995.
[17] Shou-Wu Zhang. Small points and adelic metrics. Journal of Algebraic Geometry, 4(2):281–
300, 1995.
Graduate School of Mathematical Sciences, The University of Tokyo, Tokyo,
153-8914, Japan
E-mail address: ikoma@ms.u-tokyo.ac.jp
